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Introduction
External prestressing is a post-tensioning technique in which the prestressing tendons are placed outside a structural element and connected to the structure through anchorages and deviators. Because of its attractive advantages such as fast tendon installation, easy tendon replacement and low friction losses, external prestressing has been broadly used for strengthening and construction of various concrete members.
Fiber reinforced polymer (FRP) composites are being increasingly employed in the field of civil engineering, and many works have been devoted to the study of FRP-reinforced or strengthened structures [1] [2] [3] . FRP composites are high-strength and non-corrosive materials with linear elastic property. The elastic modulus of FRP materials covers a wide range, depending on the type of fibers [4] . The FRP modulus of elasticity is usually low, but the elastic modulus for carbon FRP (CFRP) composites can be as high as or even higher than that for the prestressing steel.
Among the FRP groups, CFRP composites have been shown to be realistic for substituting the prestressing steel as external tendons, without changing much the overall behavior of the structure [5, 6] .
In a prestressed continuous member with non-concordant cables [7] , it is well known that the prestressing induces secondary reactions and moments. However, there has been a great controversy on the prestress secondary moments (reactions) in the post-elastic range, and no agreement has yet been reached so far. A typical viewpoint is that the secondary moments disappear after the formation of plastic hinges because the continuous beam has become statically determinate. This viewpoint was included in an early version of the ACI code [8] . On the other hand, in the current version of the ACI code [9] , the secondary moments were taken into account in the calculation of the design moments. Some investigators [10] believed that the secondary moments do not change much after the occurrence of cracks.
Wyche et al. [11] pointed out that the secondary moments must be considered and that the neglect of secondary moments can be unsafe. In fact, the secondary moments can be beneficial or detrimental, depending on the layout of cables [12] . When a cable is below its linearly transformed concordant line, the secondary moment is beneficial to the support sections but detrimental to the span critical section. The phenomenon is opposite if a cable is above its linearly transformed concordant line.
The redistribution of moments in continuous prestressed concrete members is another topic that has received much interest from researchers [13] [14] [15] . The moment redistribution is closely related to the ductility of critical sections. This is reflected by the empirical equations of various codes for calculating the permissible moment redistribution. Most of the codes, including the European and Canadian codes [16, 17] , adopt the parameter c/d (neutral-axis-to-effective-depth ratio of a section) while the ACI code [9] uses the parameter t ε (net strain in extreme tension steel). The c/d ratio and the strain t ε are both ductility-related parameters. Since the common FRP composites are brittle materials with linear elastic behavior up to rupture, the moment redistribution characteristic of external FRP tendon systems may be different from that of conventional concrete members.
This study is conducted to examine the prestress secondary reactions and redistribution of moment in continuous concrete members prestressed with external CFRP tendons throughout all stages up to the failure load. A numerical test is carried out on two-span continuous beams with test variables including the initial prestress level and the pattern of loading. A previously developed computer model [18] for the nonlinear analysis of externally prestressed beams is used in the study.
Numerical test
A numerical test is designed to examine the prestress secondary reactions and the redistribution of moments in continuous concrete beams prestressed with external CFRP tendons. The beams are continuous over two equal spans of 10 m each, and have a rectangular section with 300 mm in width and 600 mm in height, as shown in Fig. 1 . Each span is subjected to third-point loads. The loads applied to the right span P 2 are either equal to (symmetrical loading) or 50% of (unsymmetrical loading) the loads applied to the left span P 1 = P. The external tendons are draped at deviators that are placed at the center support and third points of each span. The tendon eccentricities at the end supports e 0 , outer third point e 1 , inner third point e 2 and center support e 3 are 0, 150, 100 and 150 mm, respectively. The external tendons are assumed to be CFRP composites having ultimate strength f f of 1840 MPa and elastic modulus E f of 147 GPa. The initial prestress level f p0 /f f varies between 15% and 75%, where f p0 is the initial prestress. It should be noted that in practical applications, the initial prestress level in FRP tendons is not possible to go up to 75% because of the stress-rupture phenomenon. Such range of the initial prestress level is just for comparative purpose of the theoretical study. The numerical test is performed using a previously developed finite element model [18] . The model, which was formulated based on the layered Euler-Bernoulli beam theory, is capable of predicting the short-term behavior of externally prestressed concrete beams from prestressing up to failure. The modeling of time-dependent effects was reported elsewhere [19] , but the inclusion of these effects will not be covered in this paper. The validity of the model has been verified with the experimental results of a number of specimens available in literature, including both simply-supported beams [20] and continuous beams [12] . In the finite element idealization of the two-span continuous beams shown in Fig. 1 , the concrete beam is discretized into 36 beam elements with equal length, and the cross section of the beam element is subdivided into 10 concrete layers and 2 steel layers each of which represents the top or bottom nonprestressed steel. The external tendon is also divided into 36 segments corresponding to the beam elements. The constitutive laws of materials adopted in the present study are as follows:
The stress-strain ( c σ -c ε ) relationship for concrete in compression is simulated using the equation recommended by Eurocode 2 [16] , as shown in Fig. 2 (a). Some typical results (ultimate load P u , ultimate deflection Δ u and ultimate stress increase in external tendons Δf p ) for the beams at ultimate are summarized in Table 1 .
Based on these results, some remarks regarding the general behavior of the beams can be made. (1) unlike the conventional bonded prestressed concrete beams for which the ultimate load-carrying capacity is generally independent of the initial prestress level, the ultimate load-carrying capacity of external CFRP tendon beams increases as the initial prestress increases; (2) a higher initial prestress level leads to a lower ultimate deflection and stress increase in external CFRP tendons; (3) unsymmetrical loading tends to mobilize higher ultimate deflection than symmetrical loading; and (4) due to less development of plastic hinges at the ultimate limit state, unsymmetrical loading produces a significantly smaller stress increase in external tendons and consequently a lower ultimate load-carrying capacity, compared to symmetrical loading.
Secondary reactions

Proposed method for computing secondary reactions
The response of prestress secondary reactions is identified using a rational method recently developed by the authors [12] . The method is based on the linear transformation concept. Linear transformation is defined as a cable shift over the interior supports of a continuous prestressed concrete member without changing the intrinsic shape of the cable within each individual span [7] . It was stated that the linear transformation of a cable line does not affect the stresses in the concrete and the ultimate load-carrying capacity of a continuous prestressed concrete member [7] . The correctness of this statement has been proved by an experimental work by Aravinthan et al. [10] and more recently by a numerical work by the authors [12] . The general interesting characteristics concerning linear transformation can also be stated as follows [12] : linear transformation causes a change of support reactions and section moments, but it does not change the ultimate load-carrying capacity and the basic flexural behavior (deformations, neutral axis depth and all of the material strains/stresses) over the whole loading process up to the ultimate. In other words, with increasing load up to the ultimate failure, the members with various linearly transformed cables exhibit exactly the same response in all aspects except the support reactions and section moments. The above statement is further confirmed in the current study by performing the analysis of the beams having various linearly transformed cable lines (the cable profile illustrated in Fig. 1 is linearly transformed into different profiles), but the results are not presented in this paper for limited space.
The method for computing the prestress secondary reactions is illustrated in Fig. 3 .
Consider a multi-span continuous prestressed concrete member with non-concordant cables. The total reaction at support i, i R , at any level of loads P consists of two components, namely, the reaction due to external loads i load R and the secondary reaction due to prestressing sec i R .
The cables can be linearly transformed into a concordant profile, which produces no secondary reactions. Since linear transformation does not influence the flexural characteristics throughout the loading process, the total reaction at support i, ( )
for the member with concordant cables, at the load level P, is equal to the load induced reaction i load R for the member with non-concordant cables.
( )
Combining Eqs. (2) and (3), the secondary reaction at support i for the member with non-concordant cables can be expressed as follows:
The support reactions 
Eqs. (5) and (6) can be used to check the accuracy and correctness of the proposed method for calculating the secondary reactions.
The proposed method is practically important because it provides a rational approach to compute accurately the secondary reactions and moments in continuous prestressed members over the complete loading range up to failure. The method has been applied only to the external steel tendon beams under symmetrical loading [12] .
To better demonstrate the accuracy and applicability of the method and to better understand the behavior of prestress secondary reactions, this newly developed method is applied in the next section to examine the secondary reactions for external CFRP tendon beams, subjected to symmetrical and unsymmetrical loads, having various levels of initial prestress.
Results
This section presents some details of the computation and the results of secondary 
) are secondary reactions at left, intermediate and right supports, respectively. It is seen that the support reactions develop linearly with the applied load up to the appearance of flexural cracks. Beyond that, the reaction development exhibits nonlinear behavior due to redistribution of moments. In addition, this nonlinear behavior is more obvious for a lower prestress level compared to a higher prestress level, and for symmetrical loading compared to unsymmetrical loading, attributed to more significant redistribution of moments (to be discussed later). The response of prestress secondary reactions with the applied load is characterized by three stages with two turning points corresponding to concrete cracking and steel yielding, respectively. This observation is different from some points of view which deemed that the secondary reactions (moments) would remain unchanged, decrease or disappear after the appearance of cracks or after the formation of plastic hinges (yielding of steel). In contrast, the present study indicates that the secondary reactions increase quicker after cracking or yielding, attributed to quicker increase in the prestressing force. 
Moment redistribution
Development of moments and moment ratio
For continuous prestressed concrete members subjected to dead and live loads, the total moment M of a section is composed of the following contributions:
in which M L is the moment caused by live loads (live moment); M D is the moment caused by dead loads (dead moment) and M sec is the moment caused by prestressing (secondary moment).
Denote by M L1 and M L2 the live moments at the span critical section and at the center support, respectively. Based on the elastic theory, the value of the moment ratio is intimately related to the progress of moment redistribution, and is influenced by several phases, typically the yielding of bonded steel (also termed as the formation of plastic hinges) as marked in the graph. Detailed discussions on the moment redistribution will be presented in the next section.
Degree of moment redistribution
The amount of moment redistribution can be measured in terms of the degree of redistribution β :
where M e is the elastic moments calculated from an elastic analysis by assuming that the constituent materials are linear elastic; and M is the actual moments obtained from the nonlinear finite element analysis.
Figs. 13 and 14 illustrate the evolution of the degree of moment redistribution at center support and span critical section for symmetrical loading and for unsymmetrical loading, respectively. It is seen that at initial loading up to the cracking load, the degree of moment redistribution is equal to zero. In this stage, the actual moments are equal to the elastic values and the moment redistribution does not yet take place. In addition, the higher the initial prestress, the higher the cracking load corresponding to the commencing of moment redistribution. After cracking the evolution of moment redistribution is affected by some phases, and the evolution for symmetrical loading is different from that for unsymmetrical loading, as can be seen in the figures.
For the beams under symmetrical loading, the redistribution of moments is positive at the center support and, correspondingly, negative at the span critical section. The degree of redistribution increases quickly with the development of cracks and the rate of increase for a lower initial prestress level is greater than that for a higher one. When the crack development stabilizes, the evolution of redistribution reaches a plateau, which however is not so stable for the 15% initial prestress level.
After the steel at the center support begins to yield, the degree of moment redistribution resumes a quick increase until the steel at the span critical section yields.
Beyond that, the degree of moment redistribution tends to decreases slightly for low prestress levels (15% and 35%) or increases gradually for normal (55%) and high (75%) prestress levels.
For the beams under unsymmetrical loading, the redistribution of moments at the center support during loading may be positive, negative, or changeable from a negative value to a positive value, depending on the prestress level. In these beams, the first crack appears at the span critical section except for the beam with a 15% initial prestress level, in which the first crack appears at the center support as in the case of symmetrical loading. As a consequence, upon cracking the moments are redistributed from the span critical section towards the center support, leading to negative redistribution over the center support (correspondingly positive redistribution over the span critical section), except for the beam with a 15% initial prestress level, in which the phenomenon is opposite. Once the crack development stabilizes, the moments turn to redistributed from the lower reinforced center support section to the heavier reinforced span critical section, leading to a gradual growth in the degree of redistribution at the center support section. For the 15% initial prestress level, a plateau occurs subsequently, whereas for higher initial prestress levels there is no such plateau. When the first plastic hinge forms, a quicker increase in the degree of moment redistribution at the center support section is observed for low prestress levels (15% and 35%), while the change in the redistribution for normal (55%) and high (75%) prestress levels is not obvious. This is attributed to that, for the low prestress levels, the first plastic hinge appearing at the center support is obviously earlier than the second plastic hinge forming at the span critical section, while for the normal or high prestress level, the formations of the first and second plastic hinges are very close, as can be seen in Fig. 12 . Fig. 15 shows the variation of the degree of moment redistribution with the neutral axis dept for the center support section of the beams under symmetrical loading. The higher the initial prestress, the higher the neutral axis depth at first cracking which is corresponding to the beginning of the moment redistribution. It is generally observed that at a given prestress level, the degree of moment redistribution increases quickly with the decrease of the neutral axis depth. However, the increasing moment redistribution with decreasing neutral axis depth is not consistent. On stabilization of crack development and on second yielding, as marked in the graph, the degree of the moment redistribution decreases for the 15% initial prestress level or remains almost unchanged for higher initial prestress levels as the neutral axis depth decreases. there is a fairly long plateau prior to first yielding, as illustrated in Fig. 13 . It is seen that the redistribution decreases as the initial prestress increases. The degrees of redistribution at first yielding are about 50% of the corresponding values at ultimate.
The degrees of redistribution at second yielding are a little higher at a low prestress level whereas a little lower at a normal or high prestress level than the redistribution at ultimate. It is also observed that the redistribution for unsymmetrical loading is substantially lower than that for symmetrical loading. This can be attributed to the combined effects of the load pattern and the stiffness difference between negative and positive moment regions. For unsymmetrical loading, the moments are prone to redistributed from the span critical section to the center support which is usually non-critical. Meanwhile, the moments are also prone to redistributed from the lower reinforced center support section to the higher reinforced midspan section. Therefore, the effects of the pattern of loading counteract the effects of the steel arrangement, leading to low redistribution of moments for unsymmetrical loading. Based on the above discussions, it can be deduced that, if the center support section is stiffer than the span critical section, the beams under unsymmetrical loading would exhibit high redistribution of moments (negative redistribution at the center support) because in this case this pattern of loading accentuates the effects of the stiffness difference.
Conclusions
A numerical investigation has been carried out on two-span continuous concrete beams prestressed with external CFRP tendons to identify the prestress secondary reactions and redistribution of moments in such type of members. The following conclusions can be drawn:
The proposed method, which is based on the linear transformation concept combined with a powerful nonlinear computer analysis program, can predict accurately the secondary reactions (moments) of continuous external tendon beams at all stages of loading.
The secondary reactions for a beam with non-concordant cables are present throughout the loading process. Since the complete development of plastic hinges is not likely to happen for external FRP tendon systems in engineering practices, the inclusion of the secondary moment is necessary when calculating the design moment of this structural typology.
After cracking, the moment development displays nonlinear behavior and the value of 
